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Abstract

A fast infrared radiative transfer model (FIRTM2) appropriate for application to both single-layeredand overlapping
cloud situations is developedfor simulating the outgoing infrared spectralradianceat the top of the atmosphere(TOA). In
FIRTM2 a pre-computed library of cloud reßectanceand transmittance values is employed to account for one or two
cloud layers,whereasthe background atmosphericoptical thicknessdue to gaseousabsorption can be computed from a
clear-skyradiative transfer model. FIRTM2 is applicable to three atmosphericconditions: (1) clear-sky,(2) single-layered
ice or water cloud, and (3) two simultaneouscloud layers in a column (e.g., ice cloud overlying water cloud). Moreover,
FIRTM2 outputs the derivatives (i.e., Jacobians) of the TOA brightness temperature with respect to cloud optical
thicknessand effectiveparticle size.Sensitivity analyseshave beencarried out to assessthe performanceof FIRTM2 for
two spectral regions,namely the longwave (LW) band (587.3Ð1179.5cm!1) and the short-to-medium wave (SMW) band
(1180.1Ð2228.9cm!1). The assessmentis carried out in terms of brightness temperature differences (BTD) between
FIRTM2 and the well-known discrete ordinates radiative transfer model (DISORT), henceforth referred to as BTD
(F!D). The BTD (F!D) valuesfor single-layeredclouds are generally lessthan 0.8K. For the caseof two cloud layers
(speciÞcallyicecloud over water cloud), the BTD (F!D) valuesarealsogenerallylessthan 0.8K exceptfor the SMW band
for the caseof a very high altitude (415km) cloud comprisedof small ice particles. Note that for clear-skyatmospheres,
FIRTM2 reducesto the clear-skyradiative transfer model that is incorporated into FIRTM2, and the errors in this case
are essentiallythose of the clear-sky radiative transfer model.
r 2006ElsevierLtd. All rights reserved.
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1. Introduction

Remote sensing techniques based on hyperspectral measurements provide powerful approaches for
retrieving a variety of atmospheric parameters [1,2]. A forward radiative transfer (RT) model is normally
required in combination with measurements to infer cloud microphysical and optical properties. The
computational efÞciency of a retrieval algorithm basedon hyperspectralmeasurementsis, in practice,critical
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to the usefulness of the retrieval algorithm. Several fast RT models for clear-sky conditions have been
developedsuch as the fast monochromatic model developedby Strow et al. [3]. For cloudy atmospheres,
Moncet and Clough [4] developed a fast RT model using the adding/doubling principle. Rathke and Fischer
[5] developeda fast RT model basedon the two-stream source function technique to compute the upward
radiance.Additionally , Rathke and Fischer [6] alsoassessedseveralapproximatesolutions to the infrared (IR)
RT equation through comparison with the more rigorous discreteordinate RT (DISOR T [7] model. Fu et al.
[8] discussedvarious two-streamand four-streamapproximations applied to the simulation of thermal IR RT
and accounted for the effect of mult iple scattering.

More recently, Wei et al. [9] presented a fast IR RT model (hereafter, FIRTM1) for single-layeredclouds. In
FIRTM1 the background clear-sky optical thicknessassociated with gaseous absorption is determinedfrom
application of the fast clear-skyRT model developedby Strow et al. [3]. The cloud effects are obtained from a
pre-computed look-up table of cloud transmittance and reßectance properties. For liqui d water clouds in
FIRTM1, LorenzÐMie theory is employed to derive the optical properties for gamma size distribution s of
water droplets. For ice clouds, a population of droxtals, pristine hexagonal ice columns and aggregatesis
assumed in the particle size distribut ions. There are many approaches available to compute the single-
scattering propertiesof non-spherical particles,as reviewedby M ishchenkoand Travis [10]. In FIRTM1 the
single-scattering properties of individual non-spherical ice particlesare derived from the composite method
[11], which combinesthe single-scattering properties from the Þnite-difference time domain method [12Ð16],
improved geometricoptics method [17], and Lor enzÐMietheory.

The root meansquare(RM S) errors of FI RTM1, measured in terms of brightnesstemperature differences
(BTD) when compared with the more rigorous DISORT model, are typically lessthan 0.5K. In terms of
computational efÞciency, the CPU time required by FIRTM1 is approximately three ordersof magnitude less
than that required by DISORT for the sameatmospheric optical proÞle.

The FIRTM1 is limited to single-layeredclouds,but in reality multil ayeredclouds are commonly observed.
In particular, ice clouds are often seenoverlying low-level water clouds. This study accounts for this cloud
conÞguration by presentinga fast IR RT model for two cloud layers (hereafter denotedFIRTM2) . In termsof
methodology, FI RTM2 is a generalization of FIRTM1, as the RT approach in both models accounts for
multiple scattering using pre-calculated look-up tables of cloud reßectanceand transmittance properties.The
output of FIRTM2 also includesthe derivatives (Jacobians)of the brightnesstemperature (BT) corresponding
to the top of the atmosphere(TOA ) radiancewith respectto cloud optical thicknessand effective particle size.
The analytical Jacobiansare usedto investigate the sensitivity of the IR spectrum to changesin cloud optical
and microphysical properties.

This paper is organized as follows. Section 2 presents the theoretical basis for FI RTM2, including the
development of the look-up tables of cloud reßectanceand transmittance properties. Section 3 presents the
differencesbetweenFIRTM2 and the DISORT model, which servesas a sort of validation exercise for the
FIRTM2 accuracy. In Section 4, the analytical Jacobiansare formulated and usedsubsequently to investigate
the sensitivity to cloud optical properties of the IR spectrumcomputed from FI RTM2. Section 5 concludes
the study.

2. Approximate radiative transfer solution for two cloud layers

Similar to FIRTM1, FIRTM2 is a plane-parallel approximate RT model for estimating the upward TOA
IR radiance. It can be applied to three atmospheric conditions: (1) clear-sky, (2) one cloud layer (either ice or
liquid water), and (3) two cloud layers (e.g., ice cloud overlying a liquid water cloud). In FI RTM2, the
atmosphere is divided into 100 layers. The background optical thickness of each layer due to atmospheric
gaseousabsorption can be computed from an efÞcient clear-sky RT model. Examples include the model
developed by Strow et al. [3], or a line-by-line RT model (LBLRTM ). The computational expense of
employing a LBLR TM may be prohibi tive for some remote sensing problems. For a clear-sky atmosphere,
FIRTM2 essentially reducesto the clear-sky RT model incorporated into FIRTM2.

A cloud layer in FIRTM2 can be deÞned by specifying the cloud optical thickness,which is referencedto a
visible wavelength, and the effective particle size.The effectiveparticle sizeis deÞnedasthe ratio of the volume
to projected area for a given particle size distribution and is discussed further in the next section. These
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properties areusedto determinethe cloud layer transmittance and reßectancecharacteristicsthat areprovided
in a pre-computed look-up table, as will be discussedbelow. The IR optical thicknessof a cloud, t l , can be
speciÞedas foll ows:

t l ¼
hQeðl Þi

2
t vis, (1)

wheret vis is the valueof optical thicknessat a visible wavelength of 0.55mm, and hQeðl Þi is the meanextinction
efÞciency at the speciÞedIR wavelength, l . In Eq. (1) the mean extinction efÞciency for cloud particles at
visible wavelengths assumesthe value 2 (i.e., the asymptotic value from geometric optics). This assumption is
usually valid, particularly for ice cloudssinceice particles are typically much larger than a visible wavelength.

As shownin Fig. 1, a two-layeredcloud systemcanberegarded asconsisting of Þveregions: the atmosphere
between the surface and the lower-level cloud, the layer comprising the lower-level cloud, the atmosphere
between the lower-level and higher-level clouds, the layer comprising the higher-level cloud, and the
atmosphere above the higher-level cloud. The quantities I#i and I"i ði ¼ 1! 5Þ represent the contributions to
the downward and upward thermal radiances from various components of the atmosphere. SpeciÞcally, I#i
and I"i ði ¼ 1; 3; 5Þ are associated with three atmospheric regionsthat are separated by the two cloud layers,
whereasI#i and I"i ði ¼ 2;4Þ are associated with the contributions from the cloud layers themselves. In the
followi ng discussion, the upward TOA radiance is formulated for a nadir-viewing space-borne instrument.
The radiance for an off-nadir viewing conÞguration is a simple extension. Relatively strong absorption by
clouds and the atmosphere in the IR ensuresthat the secondand higher orders of reßections between the
surface and the low-level cloud, and between the two cloud layers, are much smaller than their Þrst-order
counterparts and may be omitted without signiÞcant impact. In the followin g analysis, radiancesare denoted
asI and transmittancesare denoted asG; both are spectralquantit iesbut for clarity their spectral dependence
is not made explicit.

The upward radiance at the TOA is given by

I top ¼ Ia þ Ib þ Ic þ Id, (2)
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Fig. 1. SchematicconÞguration for a two-layer cloudy atmosphereand the decomposition of the atmosphere/cloud contribution s to the
upward radianceat the top of the atmosphere.
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Ia ¼ ! sBðTsÞG1G2G3G4G5 þ I"1G2G3G4G5 þ I"2G3G4G5 þ I"3G4G5 þ I"4G5 þ I"5, (3)

Ib ¼ G1G2G3G4G5rsðI
#
1 þ I#2G1 þ I#3G1G2 þ I#4G1G2G3 þ I#5G1G2G3G4Þ, (4)

Ic ¼ G3G4G5rL ðI
#
3 þ I#4G3 þ I#5G3G4Þ, (5)

Id ¼ G5rH I
#
5, (6)

where G1, G3 and G5 indicate transmittancesof clear-sky atmospheric regions separated by the two cloud
layers (as shown in Fig. 1), while G2 and G4 are the transmittances associated with the low-level cloud, and
high-level cloud, respectively. The quantities rs, rL and rH represent the reßectanceof the surface, low-level
cloud, and high-level cloud, respectively, and es and B(Ts) are the surface emissivity and the value of the
Planck function at the surface temperature Ts, respectively. In Eqs. (3)Ð(6), Ia represents the direct
transmission of the thermal emission from the surface and the Þveatmospheric regions shown in Fig. 1; Ib

represents the contribution from the reßection of the downward radiance at the surface; Ic representsthe
reßection of downward radiance at the top of the low-level cloud; and Id represents the contribution from
the reßection of the downward radiance at the top of the high-level cloud. The radiancesin Eqs. (3)Ð(6)are
given by

I"1 ¼ I#1 ¼
Z zi

zs

BðTzÞ
dGðzÞ

dz
dz, (7)

I"2 ¼ I#2 ¼ ! 2BðTz2Þ, (8)

I"3 ¼ I#3 ¼
Z zj

ziþ1

BðTzÞ
dGðzÞ

dz
dz, (9)

I"4 ¼ I#4 ¼ ! 4BðTz4Þ, (10)

I"5 ¼ I#5 ¼
Z z1

zjþ1

BðTzÞ
dGðzÞ

dz
dz, (11)

wherethe low and high clouds are deÞnedbetweenzi and ziþ1, and zj and zjþ1 (seeFig. 1). e2 and e4 represent
cloud emissivitiesof two cloud layers at their effective heights of z2 and z4, respectively. The radiancesin Eqs.
(7)Ð(11)are computed from a clear-sky RT model that is incorporated into FIRT M2. An important point to
note is that in FIRTM2 the treatment of the reßection of radiation by clouds and the surface is highly
simpliÞed.Isotropic downward radiation Þelds at the cloud top and at the surfaceare implicitly assumedin the
derivation of Ib, Ic, and Id in Eqs. (4)Ð(6). For example, the reßected radianceat the top of the high-levelcloud
is given by

IðmÞ ¼
1
p

Z 2p

0

Z 1

0
RH ðm; j ; m0; j 0ÞIð!m0; j 0Þm0dm0dj 0, (12)

where Ið!m0; j 0Þ is the downward radiance at the cloud top and RH ðm; j ; m0; j 0Þ is the cloud bi-directional
reßection function [18Ð20]. With the assumption of the isotropy of radiation Þeld,the reßectedradiance at the
top of the high cloud is given by

IðmÞ ¼ I#5rH ðmÞ, (13)

where

rH ðmÞ ¼
1
p

Z 2p

0

Z p=2

0
RH ðm; j ;m0; j 0Þm0dm0dj 0. (14)

The useof a pre-computed table of cloud reßectanceand transmittance values, i.e., rL, rH, G2, and G4 in Eqs.
(3)Ð(6), substantially increasesthe computational efÞciencyof FI RTM2. The look-up table for water clouds
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involved in FIRTM2 is the sameas that used in FIRTM 1. For ice clouds, we use a mixture of several ice
particle habits, followin g Baum et al. [21] and King et al. [23]. SpeciÞcally, it is assumedthat for those ice
clouds where the maximum dimension of ice particles is smaller than 70mm, the cloud consistsof 50% bullet
rosettes, 25% hollow columns, and 25% plates. For clouds comprised of particles larger than 70mm, the
assumption is that bullet rosettes and aggregates dominate the particle size distribut ion, speciÞcally 30%
aggregates, 30% bullet rosettes,20% hollow columns, and 20% plates. The single-scattering properties of
non-spherical icecrystalsusedin this study are thosecomputedby Yang et al. [24]. Fol lowing Foot [25], Baum
et al. [22] and King et al. [23]), we deÞnethe effective particle sizefor a given sizedistribution as follows:

De ¼
3

RLmax

Lmin
½
P N

i¼1 f iðLÞViðLÞ' nðLÞdL

2
RLmax

Lmin
½
P N

i¼1 f iðLÞAiðLÞ' nðLÞdL
, (15)

where L is the maximum dimension of an indivi dual ice particle, Lmin and Lmax are the minimum and
maximum particle sizes, respectively, Ai(L) and Vi(L) are the projectedareaand volume of the particle where
index i denotes ice particle habit, and n(L) and fi(L) are the given particle sizeand habit distributions. The
effective particle sizedeÞned in Eq. (15) reducesto that deÞned by Hansenand Travis [26] for water droplets.
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Fig. 2. The brightnesstemperaturescorresponding to the TOA radiancescomputedfrom FIRTM 2 for threeatmosphericconditions: (a) a
single-layered ice cloud at a height of 12km (t vis ¼ 1, De ¼ 40mm), (b) a single-layered water cloud at a height of 2km (t vis ¼ 5,
De ¼ 10mm), and (c) a cloud systemwith an ice cloud layer (t vis ¼ 1, De ¼ 50mm) at 12km overlying a water cloud layer (t vis ¼ 5,
De ¼ 10mm) at 2km.
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Given a radiance, the BT can be computed from an inversion of the Planck function as follows:

TB ¼
1:4385n

ln 1þ
1:1911( 10!8 n3

I top

! " , (16)

where n is the channel spectral wavenumber. Fig. 2 shows the FI RTM2 calculated upward BTs for three
different cloudy conditions. Fig. 2a showsresults for a single-layeredice cloud located at the height of 12km
with an optical thicknessof 1 and an effective particle sizeof 40mm. Fig. 2b showsresults for a single-layered
water cloud located at a height of 2km with an optical thicknessof 5 and an effective sizeof 10mm. Fig. 2c
showsresultsfor a multil ayeredcloud casewhere an ice cloud layer overliesa water cloud layer, in which the
ice cloud is at a height of 12km with an optical thicknessof 1 and an effective sizeof 50mm, and the water
cloud is located at 2km with an optical thicknessof 5 and an effective sizeof 10mm.

3. Accuracy estimation of FIRTM2

To estimate the accuracyof FIRTM2, we compare the TOA BTs computed from FIRTM2 to those from
DISORT for various atmospheric conditions.Fig. 3 showsthe BTD in termsof the differencesbetweenthe BT
from FIRTM2 minus the BT from DISORT, henceforth referred to simply asBTD (F!D). It is evident from
Fig. 3 that FIRTM 2 is quite accurate, as the BTD (F!D) valuesare generally lessthan 0.5K. The overall
feature shown in Fig. 3 is that FI RTM2 slightly overestimates the TOA BTs.
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Fig. 3. The brightnesstemperature differences betweenthe FIRTM2 and DISORT solutions [BTD (F!D)] for the sameatmospheric
conditions as in Fig. 2. The brightnesstemperaturedifferences shown here are deÞnedasBTD ¼ BTFIRTM2 ! BTDISORT .
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Fig. 4 shows the BTD (F!D) valuesfor ice clouds in the LW band (panels, a, b, and c) and in the SMW
band (panels d, e, and f) for various effective particle sizes.The uppermost two panelsin Fig. 4 are for a case
when an ice cloud is located at 15km abovethe surface;the middle two panelsare for a casewhen the height
of an icecloud is10km; and the bottom panelsare for a casewhenthe cloud height is 5km. For the LW band,
the BTD (F!D) valuesmonotonically increasewith the ice cloud optical thickness.The effect of the particle
sizeon the BTD (F!D) valuesis not signiÞcantasevidencedby panels(a), (b) and (c). For the SMW band, the
BTD (F!D) values depend strongly on the particle size and cloud height. In particular, the BTD (F!D)
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Fig. 4. The BTD (F!D) valuesfor a single-layeredice cloud with respectto optical thickness, effectivesize,and cloud height. Panels(a),
(b), and (c) are for the LW band; and panels(d), (e), and (f) are for the SMW band. Panels(a) and (d) are for cloudsat 15km. Panels(b)
and (e) are for clouds at 10km. Panels(c) and (f) are for clouds at 5km.
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distribut ion is quite different for small and large particle sizeswhen cloud is located high (410km) in the
atmosphere. In general,the BTD (F!D) valuesfor the LW band are lessthan 0.5K if the ice cloud optical
thickness is lessthan 5, whereasthe BTD (F!D) values for SMW are lessthan 1K . For caseswith large
particle sizesor low cloud heights, the BTD (F!D) valuesare substantially smaller.

Fig. 5 shows the BTD (F!D) valuesfor water cloud optical thicknessesup to 100and cloud heights of 1, 2,
and 3km. Asymptotic valuesare reachedwhen the optical thicknessis larger than 50 for both the LW and the
SMW band. It is evident from Fig. 5 that the accuracyof FI RTM2 increaseswith decreasing cloud height. The
BTD (F!D) valuesat both bands are lessthan 0.8K exceptat LW band when cloud is at a height of 3km.
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Fig. 5. Sameas Fig. 4 exceptfor water clouds located at 3, 2, and 1km.
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Fig. 6 shows BTD (F!D) values for casesinvolving two cloud layers. As a canonical simulation by
FIRTM 2, a water cloud layer is Þxedat 2km with an optical thicknessof 50 and an effective sizeof 10mm,
whereasice cloud propertiesvary. The BTD (F!D) valuesdependon the optical thicknessof the ice cloud.
For the LW band, the BTD (F!D) valuesare not sensitive to the effective sizeof ice crystals. For the SMW
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Fig. 6. Rangeof BTD (F!D) valuesfor a caseinvolving two cloud layers,with ice cloud overlying a water cloud. Panels(a), (b), and (c)
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band, BTD (F!D) valuesincreasefor high (410mm) ice clouds with small ice crystals (De ¼ 10 and 20mm).
In general, the BTD (F!D) valuesare lessthan 1K .

4. Sensitivity study with Jacobians

The Jacobians are the partial derivatives of the BT (correspondingto the TOA radiance) with respectto
cloud optical thicknessand with respectto cloud effectiveparticle size.The FI RTM2 providesan efÞcient way
to computeJacobiansbasedupon their analytical formulation. From Eq. (16), the partial derivative of the BT
with respectto the t vis and De can be written as

qTB

qt vis
¼

1:7124( 10!8 n4

ðI2
top þ 1:1911( 10!8 n3I topÞ ln 1þ

1:1911( 10!8 n3

I top

! "# $2

qI top

qt vis
, (17)

qTB

qDe
¼

1:7124( 10!8 n4

ðI2
top þ 1:1911( 10!8 n3I topÞ ln 1þ

1:1911( 10!8 n3

I top

! "# $2

qI top

qDe
, (18)

where the partial derivative of Itop with respectto t vis and De can be derived from Eq. (2) as foll ows:

qI top

qt vis
¼ ð! sBðTsÞG1 þ I"ÞG3G5 G4

qG2

qt vis
þ G2

qG4

qt vis

! "
þ ðI"2G3 þ I"3ÞG5

qG4

qt vis

þ r0G1G3G5 ðI#1 þ I#2G2Þ G4
qG2

qt vis
þ G2

qG4

qt vis

! "
þ ðI#3 þ I#4G3ÞG1G2 2G4

qG2

qt vis
þ G2

qG4

qt vis

! "# $

þ 2I#5G1G2G3G4 G4
qG2

qt vis
þ G2

qG4

qt vis

! "
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To solve (19) and (20), a total of eight setsof partial derivatives of cloud reßectance and transmittance
(r&G) with respectto t vis and De are derived in FI RTM2 by differentiating the r&G lookup-t ableswith small
perturbations to t vis andDe at their speciÞcvalues. Asan example,Fig. 7 showsthe Jacobian ðqTB=qt visÞ for a
single-layeredice cloud for various effective particle sizeswhere a 1% perturbation is applied to unit visible
optical thicknesscloud at an altitude of 12km.

Fig. 8 shows the sensitivity of the derivative of the TOA-radi ance-equivalent BT to the effective particle
sizesfor three valuesof icecloud optical thickness:t vis ¼ 1 (panela), 6 (panel b), and 10 (panel c). For a large
optical thickness(i.e., the caseshown in panel c), the derivative of the BT with respectto the optical thickness
qTb=qt vis as a function of the wavelength is not sensitive to the effective particle size, as the variations of
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qTb=qt vis arequite small in this case.The sensitivity of qTb=qt vis to the effectiveparticle sizeincreaseswith the
decreaseof the optical thickness.An interesting point to note is that the sensitivity is minimal at wavenumbers
near 890cm!1. This can be a useful feature for retrieving cloud properties. For example, the cloud optical
thickness can be estimated from minimizing the diff erencebetween the simulated and observedradiances
around this wavenumber. Given an estimate for the optical thickness, the effective particle size can be
estimated from the slopeof the spectrum between800and 900cm!1 (e.g., the studiesreported by Huang et al.
[27]; Wei et al. [9]). The estimatesof both effective particle sizeand optical thicknesscan be improved further
through iteration until a convergent solution is found.

5. Summary

A FIRTM2 is developedto compute the TOA radiance for overlapping clouds,and can be applied to three
atmospheric conditions: a single-layeredice cloud, a single-layered liquid water cloud, and a mult ilayered
cloud (e.g.,an ice cloud layer over a liquid water cloud). In FIRTM 2, the cloud propertiesare basedupon a
set of pre-computed look-up tables of cloud reßectance and transmittance values. The background
atmospheric optical thicknessdue to gaseousabsorption arecomputedfrom a clear-skyRT model that canbe
either a fast clear-sky RT model or a line-by-line model, depending on the desired application. In FIRTM2 ,
Jacobians (i.e., the derivatives of the TOA BT with respectto the optical thicknessand effective particle size)
are also computed.

Extensivecomparisonsof FI RTM2 with DISORT havebeencarried out to assess the numerical accuracyof
FIRTM 2. For a single-layeredicecloud, the BT differencesbetweenFIRTM 2 and DISORT [BTD (F!D)] in
the LW band is better than 0.5K when the optical thicknessis lessthan 5. In the SMW band, the BTD (F!D)
values are lessthan 0.8K except for very high clouds comprised primarily of small particles. For a single-
layeredwater cloud, the BTD (F!D) valuesfor both the LW and SMW bandsarebetter than 0.8K exceptfor
the caseof the LW band with a cloud locatedat 3km. For a multil ayeredcloud caseconsisting of an icecloud
over a water cloud, the BTD (F!D) valuesin both bands are typically lessthan 0.8K, exceptagain for the
caseof small particles at high altitud e (410km).
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Fig. 7. The derivative of brightnesstemperaturewith respectto optical thicknessfor a single-layeredicecloud locatedat a height of 12km
with an optical thicknesst vis ¼ 1.
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