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ABSTRACT: The intensification of tropical cyclones is often interrupted by an eyewall replacement cycle, a process in
which an outer eyewall forms, contracts, and replaces an inner eyewall. The radial distributions of inertial stability and
diabatic heating change during such events, impacting the transverse circulation. To examine the effects of such changes,
an analytical solution of the transverse circulation equation associated with a balanced vortex model is derived using a
parameterization that distinguishes five radial regions subdividing the domain by each region’s values of inertial stability
and diabatic heating. These regions define the eye, inner eyewall, moat, outer eyewall, and far-field. In mature concentric
eyewall situations, the solutions do not support the hypothesis that the inner eyewall collapses as a direct result of subsidence
from the outer eyewall. However, the results suggest subsidence and warming temperatures in the moat are governed by
enhanced inertial stability associated with a strengthening outer eyewall. The model solutions also illustrate how the diabatic
heating in the inner eyewall, imbedded in a region of high inertial stability, induces larger temperature tendencies than
the diabatic heating in the outer eyewall, which borders the far-field region of low inertial stability. Thus, as the inner
eyewall dies, the storm temporarily loses its ability to produce an intense, localized warm region. This ability is restored
during the contraction and intensification of the outer eyewall. These results provide a partial dynamical explanation of
how an eyewall replacement cycle can act as a temporary brake on tropical cyclone intensification. Copyright © 2008

Royal Meteorological Society
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1. Introduction

An important prerequisite to improved forecasting of
tropical cyclone intensity is a better understanding of the
concentric eyewall phenomenon. Eyewall replacement
cycles are often associated with large and rapid intensity
fluctuations. An example of this behavior was observed
in hurricane Allen (1980), which underwent repeated
swings in its minimum central pressure of ~50 hPa
(Willoughby et al., 1982) within 12- to 24-hour periods.
Such rapid intensification poses a particularly dangerous
situation when a tropical cyclone is approaching land.
This occurred in hurricane Andrew (1992) while making
landfall near Homestead, Florida. As Andrew approached
southern Florida, it weakened as an outer eyewall formed
around the primary eyewall. Just prior to moving onshore,
however, the outer eyewall contracted and replaced the
primary eyewall, causing a rapid intensification that was
not well forecast (Willoughby and Black, 1996). In the
18-hour period prior to landfall, Andrew intensified from
57 m s~ to 77 m s~!, resulting in an unexpectedly high
loss of life and property. More generally, even as a
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tropical cyclone weakens during the formation of an outer
eyewall, the width of damaging winds can expand and
thereby offset some of the societal benefits of a weakened
inner eyewall.

A more recent example of a storm with concentric
eyewalls was hurricane Frances (2004), which reached
category 4 on the Saffir—Simpson scale. Frances arose
from a tropical wave that moved off the western coast
of Africa on 21 August. The system was classified as
a tropical depression at 0000 UTC on 25 August. The
subsequent intensity timeline for Frances is shown in
Figure 1, which has been adapted from the National
Hurricane Center’s Best Track data archive. By 1800
UTC on 28 August, the storm had attained an estimated
maximum surface wind speed of 60 m s~! and minimum
sea-level pressure of 948 hPa. Then, as Frances passed to
the north of the Leeward and Virgin Islands, an eyewall
replacement cycle commenced, with concentric eyewalls
clearly evident in NOAA WP-3D aircraft radar and wind
observations. During this eyewall replacement cycle, the
maximum surface wind speed decreased to 51 m s~! and
the minimum surface pressure rose to 958 hPa. As the
initial, inner eyewall diminished and the outer eyewall
contracted, the storm began its course toward its highest
sustained surface wind speed of 64 m s~! and lowest
sea-level pressure of 937 hPa. After 2 September, an
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environment of increasing vertical wind shear impeded
the storm from achieving its previous maximum intensity
again. The storm made landfall on the central, eastern
coast of Florida around 0430 UTC on 5 September as a
category 2 hurricane.

Figure 2 shows radar reflectivity and radial profiles
of tangential wind, temperature, and dewpoint temper-
ature collected from a NOAA WP-3D aircraft in Frances
during a 3.5 h interval on 30 August 2004. During this
time period, Frances possessed concentric eyewalls, with
a 100 km diameter outer eyewall and a 30 km diame-
ter inner eyewall that became increasingly asymmetric
in time (Figure 2(a,c,e)). A consistent asymmetric struc-
ture also occurred in both the tangential wind profiles
(Figure 2(b,d,f)) and the moat between the concentric
eyewalls. Dewpoint depressions as large as 6 °C appeared
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Figure 1. National Hurricane Center Best Track intensity for hurricane

Frances (2004) throughout the storm’s lifecycle: maximum surface

wind speed (m s~!, solid) and minimum sea-level central pressure

(hPa, dotted). Vertical lines depict the times at which the flight-level
data utilized in this paper were obtained.
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Figure 2. Radar reflectivity and radial profiles of flight-level tangential wind (m s~!, bold solid), temperature (°C, thin solid), and dewpoint
temperature (°C, dashed) for hurricane Frances for (a,b) 1800—1826 UTC (leg A—B), (c,d) 1919-1947 UTC (leg C—D), and (e,f) 2104-2129
UTC (leg E—F) on 30 August 2004. Data obtained courtesy of NOAA/HRD.
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TROPICAL CYCLONE CONCENTRIC EYEWALLS

in the northeast sector at 640 hPa (Figure 2(d)), sug-
gestive of enhanced subsidence there. The most striking
aspects of these observations are the high temperatures
and large dewpoint depressions that occur inside the
radius of the outer eyewall. Within the primary eyewall,
particularly elevated temperatures are observed. In fact,
the leg E—F radial profile reveals a warm ring structure
just inside the inner eyewall.

Eyewall replacement cycles, similar to those observed
in Frances, are well documented (Willoughby et al.,
1982; Hawkins et al., 2006), but many fundamental
aspects of eyewall cycles are not fully understood.
While high-resolution mesoscale models show promise
in capturing eyewall cycles and their attendant, rapid
intensity changes (Houze et al., 2006), the formation of
secondary eyewalls remains a topic of active research
(e.g. Kuo et al., 2004, 2008; Terwey and Montgomery,
2008). Nonetheless, there are unexplored aspects of the
balanced, axisymmetric dynamics of mature concentric
eyewall configurations that still deserve attention.

Based on Eliassen’s (1951) transverse circulation equa-
tion, Shapiro and Willoughby (1982) argued that eyewall
contraction occurs inside the radius of maximum wind
due to a large gradient in inertial stability there. In partic-
ular, the local tendency of tangential winds is modulated
by the relative positions of the convective updraughts
(i.e. heat sources) and the radius of maximum wind
(RMW). Eyewall contraction (expansion) occurs when
convective updraughts are located inside (outside) the
RMW. The RMW contracts (expands) because the tan-
gential wind tendency has greatest positive value inside
(outside) the RMW. Further exploring Eliassen’s trans-
verse circulation equation and incorporating observations
of concentric eyewalls, Willoughby et al. (1982) found
that the situation of two concentric eyewalls creates hos-
tile conditions for the inner eyewall, since a component
of low-level outflow from the outer ring decreases inflow
at radii within the outer ring. Similarly, a region of nega-
tive tangential wind tendency appears at radii well within
the outer ring. Using an axisymmetric, non-hydrostatic
model, Hausman (2001) simulated a tropical cyclone with
eyewall replacement cycles. Through an entropy budget
in the boundary layer, Hausman determined that down-
ward advection of low-entropy air exceeds the upward
turbulent flux of high-entropy air from the sea surface as
a simulated secondary eyewall forms. At the same time,
the secondary eyewall decreases the low-level, inward
advection of angular momentum inside the secondary
eyewall. Hence, the presence of an outer eyewall weakens
the inner eyewall in axisymmetric studies. Nonetheless,
more insights into details of the balanced dynamics occur-
ring in eyewall replacement cycles can be gained using
Eliassen’s transverse circulation equation.

This paper is organized in the following way. First,
the balanced vortex model is presented in Section 2. In
Section 3 idealized solutions of the transverse circula-
tion equation are derived. With the aid of observational
data and our idealized solutions, Section 4 quantitatively
addresses mechanisms that suppress the inner eyewall
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during an eyewall replacement cycle. Along these same
lines, the decreasing ability of the storm to maintain a
strong, centralized warm core during an eyewall replace-
ment cycle is investigated in Section 5. In Section 6, we
consider changes in the transverse circulation during a
hypothetical eyewall replacement cycle in our balanced
vortex framework. These results suggest that subsidence
in the moat rapidly increases as a secondary eyewall
forms. Finally a summary of the results and conclusions
is presented in Section 7.

2. Balanced vortex model

Following Schubert et al. (2007), we consider inviscid,
axisymmetric, quasi-static, quasi-gradient motions of a
stratified, compressible atmosphere on an f-plane. As
the vertical coordinate we use z = H In(py/p), where
H = RTy/g is the constant scale height, and where py =
100 kPa and T, = 300 K are constant reference values of
pressure and temperature. The governing equations for
this balanced vortex model are

v Lo} Dv v
(F+7)v=5 prlrep)u=o
0z To ror 0z H

DT 4
Dt cp,H Cp

where u and v are the radial and azimuthal components of
velocity, w = Dz/Dr the ‘log-pressure vertical velocity’,
¢ the geopotential, T the temperature, f the constant
Coriolis parameter, Q the diabatic heating, and D/Dt =
a/0t +u(d/0r) + w(d/9z) the material derivative.

The balanced vortex model given in (1) may be
transformed to a set of four diagnostic equations and one
prognostic equation. Because of the continuity equation,
the transverse circulation (u#,w) can be expressed in
terms of the streamfunction v such that

0
and e VHy = M
0z ror

e /My =

Taking the local time derivative of the thermal wind

equation
2v\ dv g oT
A=) o=
r ) oz Ty or

derived from (1) allows for the elimination of the local
time derivatives in the tangential wind and thermody-
namic equations. The resulting diagnostic equation for
is the transverse circulation equation (Eliassen, 1951):

0 a(ry) oYy 0 a(ry) oy
E{A ror +B8—2}+£{B ror +C8_z}
_ 8 99
CPT() or ’ (2)
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where the static stability A, the baroclinity B, and the
inertial stability C are defined by

9T  RT
A=t S (— + —) , 3)
To \9z ' c,H
oT 2v\ 0v
B=—e/ME2 _ _oun — )=, «
- Ut ) @
2 9
C = e/t <f+—v> <f+ (rv)>. 5)
r ror

Only vortices with AC — B? > 0 everywhere are con-
sidered, which ensures that (2) is an elliptic equation. As
for lateral boundary conditions on (2), we require that
Y vanish at »r =0 and that r¢y — 0 as r — oco. The
effects of boundary-layer friction and Ekman pumping
could be incorporated through specification of i at the
lower boundary of the free atmosphere (i.e. at the top
of the Ekman layer). However, our focus here is on the
transverse circulation induced by the diabatic heating, Q.
Thus, we require that v vanish at both the bottom and
top isobaric surfaces z = 0, zt.

Both of the prognostic equations in (1) have been used
in the derivation of (2). Thus, if (2) is considered as one
of the governing equations of the balanced vortex model,
only one of the original prognostic equations need be
used. Choosing to predict the mass field rather than the
rotational wind field, we can write the thermodynamic
equation as

0T _ Q _@(Aa(rw)

by
e +B—>. ©)

ror 0z

In the following analysis we shall solve the elliptic
equation (2) for the streamfunction i and then use this
solution in (6) to obtain the implied tendency 97 /dt.

3. Solutions of the transverse circulation equation

We now focus on the question of how the spatial
variability of the inertial stability affects the transverse
circulation when diabatic forcing is distributed into
a double eyewall structure. To isolate this effect we
consider a barotropic vortex (B = 0) in which the static
stability is given by A = e¥# N2, where the Brunt-
Viisild frequency, N, is a constant. The inertial stability
(5) can then be written in the form

C =e/Hf?,

a(rv) )12
ror }]

is the ‘effective Coriolis parameter’. It should be noted
that real tropical cyclones, which possess warm cores,
contain vertical shear of the tangential wind. Such a
baroclinic vortex contains greater static stability at lower
altitudes and less inertial stability at higher altitudes com-
pared to the barotropic counterpart. As a result, the trans-
verse circulation (u, w) and the associated temperature

~ 2v
where f(r) = [{f+7} {f—l—
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tendencies d7 /9t are shifted upward in altitude in the
baroclinic situation. As shown in Schubert et al. (2007),
numerical solutions of the transverse circulation for more
realistic B show that the radial distributions of subsi-
dence and associated temperature tendencies are similar
between barotropic and baroclinic vortices. Numerical
calculations verify the same characteristics for the five-
region model. However, the essence of the following
results relies on the radial distributions of diabatic heat-
ing and inertial stability. Consequently, the neglect of B
is not a serious limitation for the purpose of this study,
although further study of the impacts of variable B and
N? may be of interest in future research endeavours.
The vertical structure of heating in convectively active,
intense tropical cyclones (e.g. Rodgers efal., 1998)
typically exhibits a first vertical internal mode structure.
Accordingly, we assume the diabatic heating Q(r, z), the
vertical velocity w(r, z), the streamfunction v (r, z), and
the temperature tendency o7 (r, z)/dt have the separable

forms
Y < . Tz
0(r,z) = O(r)exp (ﬁ) sin (;) ,
~ (T
T
T —Z . wZ
v =T (57 ) ().
aT (r, 2) _ AT (r) ox (L) sin (E)
o1 or P\2H )
so that (2) and (6) reduce to
&y dy R gr? dO
22 Y 2 = o
dr? dr (M )w CpT0N2 dr
@)
0T _ 0 TN "
ar Cp g ’
where

Fol =V, (1"
wu(r) = N (ZT> +<2H>

is the inverse Rossby length, and w = d(r@) /rdr. Thus,
the original task of solving the partial differential equa-
tion (2) for ¥ (r, z) and using the result in (6) to obtain
dT /9t has been simplified to the task of solving the ordi-
nary differential equation (7) for v (r) and using the result
in (8) to obtain 7 /dt. Under certain instances, a storm’s
vertical profile of latent heating may deviate slightly from
the assumed structure above and it may be of interest to
examine more closely the impact of heating that includes
higher-order vertical internal modes in future research.

It is the relationship between the radial distribution of
w(r) and the transverse circulation

o?/H 3("’#))

ror

oy
— | _ez/H
(M7 w) - ( e BZ 9
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that we are interested in exploring. To treat radial
variations of w(r) in a simple manner, we consider the
specific barotropic vortex in which the square of the
absolute angular momentum is given by

1 2
m*(r) = {rv(r) + Efrz}

Here we consider a five-region model (j =0, 1, 2, 3,4)
with ryp = 0 denoting the origin, r; and r, denoting the
bounding radii of the inner eyewall, 3 and r4 denoting the
bounding radii of the outer eyewall, and rs = co. The five
specified constants f; (j =0, 1, 2, 3, 4) give the effective
Coriolis parameters in the five regions. The five-region
analysis presented here is a generalization of the 3-region
(eye, eyewall, far-field) analysis described by Schubert
et al. (2007). The goal of the more complicated five-
region model (eye, inner eyewall, moat, outer eyewall,
far-field) is to understand certain balanced dynamical
aspects of the concentric eyewall phenomenon. Since, for
each interval r; <r < rjyq,

R 8m2 1/2
o= (22)

L2l

the inverse Rossby length has the piecewise constant form

a(rv) ”1/2_]? ©)
=7,

ror

wo if 0<r <r; (eye),

w1 if rp <r < rp (inner eyewall),
wr) =13 ur if r, <r < r; (moat),

u3 if r3 <r < ry (outer eyewall),

g if rqy <r < oo (far-field),

TN
-GG

j=0,1,23,4.

(10)

where

for

We now assume that the diabatic heating occurs
in concentric eyewalls, with the particular piecewise
constant form

if 0 <r <r; (eye),

1 if r; <r < ry (inner eyewall),
if r, <r < rz (moat),

3 if r3 <r < rq (outer eyewall),
if r4y <r < oo (far-field),

(1D

where Q) and Qs are constants. Only five of the six
constants ry, ro, 13, r4, Q1, Q3 are independently speci-
fied. The six constants are constrained by the assumption

Copyright © 2008 Royal Meteorological Society

587

that
2 / g rdr
0 Cp

~(2) -+ (L)

=125 K day~!(50 km)?. (12)

A rough interpretation of this constraint is that the
implied, area-averaged rainfall is fixed as we vary any
five of the six parameters ry,ry,r3, rq, Q1, Q3. The
particular values chosen in the last equality in (12)
are motivated by satellite-derived observations during
convectively active phases in an intense tropical cyclone
(e.g. Rodgers et al., 1998). Nonetheless, it should be
noted that the exact value of latent heating on the right-
hand side of (12) is not important to our radial structure
arguments since (2) and (7) are linear equations for the
streamfunction.

The jump conditions, derived by integrating (7) across
narrow intervals straddling the points r = ry, 1y, 13, 14,
are

-~ rl-+ -~ o~
[m$>=F“W} _ 80 h) = 00y 1

rdr c,,TON2

rji—

for j =1, 2, 3, 4. Note that these jump c/(\)nditions, when
used in (8), result in the continuity of 97 /9t across r;.

Under the assumptions (10) and (11), the solution of
the ordinary differential equation (7) consists of linear
combinations of the modified Bessel functions I (ur)
and K;(ur) in each of the five regions. Because ¢ = 0
at r =0, we can discard the K;(ur) solution in the
inner region. Similarly, because riy — 0 as r — 00, we
can discard the I;(ur) solution in the outer region. The
solution of (7) can then be written as

1///\/111(#0”)/11(//;(\)71)
(Y1 Fi(r,r2) + Yo Fi(r1, r)}/ Fi(ri, r2)

V() = (Yo Fo(r, r3) + Y3 Fa(r2, 1)}/ Fa(ra, r3) - (14)
{Y3F3(r, ra) + YaF3(rs, )}/ F3(r3, 14)
VaK i (ar)/Ki(pars),
where  Fj(x, y) = L (n;x) Ky (p;y) — Ki(pjx) I (e y)

for j =1,2,3, and ¥, ¥, V3, Y4 are constants to be
determined by the four jump conditions (13). In (14), as
well as below in (15), the five lines on the right-hand
side (proceeding from top to bottom) give the solution
in the eye, inner eyewall, moat, outer eyewall, and far-
field. Note that the continuity of Y (r) at r = ry, 72, 73,14
directly follows from the fact that the function Fj(x, y)
vanishes when its two arguments are equal. Using

1d(ry)
r dr

W=
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and the derivative relations

Ld{rly(ur))

= ulo(ur)
r dr
1d{rK
and LAUKIWO) .
r dr

it immediately follows that

MO{”:I\IO(MO”)/II (ugr)
iy Gi(r, r2) — Yo Gi(r, r)}/ Fi(ry, 1)

w(r) = { r2{Y2Ga(r, r3) — Y3Ga(r, r2)}/ Fa(ra, 13)
w3l3Ga(r, ra) — YaGa(r,r3)}/ F3(r3, ra)
— a4 W4 Ko(uar)/ Ki(pars),
(15)
where  G;(x, y) = lo(u;jx) Ky (1;y) + Ko(wjx) I (e y)

for j =1,2,3. Use of (15) in the jump conditions
(13) leads to four algebraic equations that deter-
mine Y, Yo, ¥3, ¥4. With the aid of the Wronskian
Io(x)K1(x) + Ko(x)I1(x) = 1/x_we can write the four
algebraic equations for 1, ¥, V3, ¥4 as

an ap 0 0 1:#:1
ay axp a3 0 V2
0 ax ax an V3
0 0 asi au Yy
r1 Q1
T (16)
CpT()N 1303
—14Q3
where
= piriGi(ri, ra) — porido(port)
Fi(ry, ) I (uory)
= u1ra2Gr(ra, 1) | paraGa(ra, r3)
Fi(r1,r2) Fy(ra, 13)
sy = m2r3Ga(rs, ra)  us3r3Gs(rs, rq)
Fy(ra, r3) F3(r3, r4)
s = n3raGs(rq, r3)  praraKo(pars)
Fs3(r3, rq) K1 (pa4rs)
_ . 1
ap =day = _7}71 (1. 7) s
_ _ 1
a3 = dazp = Py, r3)’
1
az, = ag3 = Frrs) (17

The procedure for calculating w(r) and Sf(r) /0t can
be summarized as follows:

(i) Specify the vortex parameters ry, ry, 3, r4, Lo, 11,
M2, 43, 45

(i1) Specify one of the heating parameters Q; or Qs,
and determine the other through the constraint (12);

Copyright © 2008 Royal Meteorological Society

C. M. ROZOFF ET AL.

—

Tangential Wind (ms™") £
o
s}
T
I

0 20 40 60
Radius (km)

—
o

~
N
o

prd

Vertical Wind (m s™')

Temperature
Tendency (K h™")
>

N

o

Radius (km)

Figure 3. (a) Observed (dotted) and idealized (solid) tangential wind
v(r) (m s~1) profiles at 700 hPa for Frances between 2117 and 2126
UTC on 30 August 2004. (b) Radially dependent part of log-pressure
vertical velocity W(r) (m s~!), given by (15), due to the inner eyewall
(Winner> dotted), the outer eyewall (Woyeer, dashed), and total vertical
motion (w, solid). (c) Observed temperature (°C, dashed), observed
dewpoint temperature (°C, dotted), and the radially dependent part of
the temperature tendency E)f(r) /8t (K h™!, solid) given by (8).

(iii) Solve the linear algebraic system (16) for fb\l, %,
V3, Ya; R
(iv) Compute w(r) from (15) and 87 (r)/dt from (8).

4. Prototype concentric eyewalls

From the five-region analytical model we can learn more
about the secondary circulation in different concentric
eyewall situations. As a prototypical example, we now
revisit the hurricane Frances situation on 30 August
2004. The dotted line in Figure 3(a) shows the 700 hPa
tangential wind data from the period 2117-2126 UTC
(cf. Figure 2(f)). To approximate this observed case, we
choose:

f=5x%x10"s"!, H=RTy/g = 8.79 km,
(N/)(/zr)* + (2H)72}71/2 = 1000 km,
N =1x1072s7Y, (11,1, 13, 14) = (8, 15, 34, 40) km
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and (v(ry), v(r2), v(r3), v(ry)) = (36,46, 36,55) m s~!,
which results in (g, ity nst wph) = (5.5,
8.5,27.2,14.9, 1000) km. This five-region approxima-
tion to the observed tangential wind profile is shown
by the solid line in Figure 3(a). As for the forcing, we
choose Q; = Q3 and then enforce the constraint (12),
which yields Q;/c, = Q3/c, =21.5 Kh™l,

The w(r) profile, computed from (15), is shown
in_Figure 3(b) (solid curve), and the corresponding
oT (r)/ot profile, computed from (8), is shown in
Figure 3(c) (solid curve). There is upward motion of
magnitude 1.4 to 2.0 m s~! in the inner and outer eyewall
regions, with strongest subsidence in the eye and weakest
subsidence in the far-field. The eye radius (r; = 8 km) is
larger than the Rossby length in the eye (u, I'=5.5 km).
Under these conditions there is considerable horizontal
variation of subsidence in the eye, with the strongest
subsidence at the outer edge of the eye (Schubert et al.,
2007). In contrast, the width of the moat (r3 —r, =
19 km) is smaller than the Rossby length in the moat
(my ' = 27.2 km), so that there is less horizontal variation
of subsidence in the moat. The magnitude of subsidence
in the moat varies between 0.20 and 0.25 m s~!. These
values of subsidence are sufficient to produce tempera-
ture tendencies (solid curve in Figure 3(c)) of approxi-
mately 2 K h™! within the moat. Although the diabatic
heating is equal in the inner and outer eyewalls, the tem-
perature tendency is larger in the inner region because
the Rossby lengths are smaller there. Also shown in
Figure 3(c) are the observed 700 hPa radial profiles of
temperature and dewpoint temperature. Note that the the-
oretical 8T(r) /0t profile has a radial structure similar to
the observed temperature profile, although the peak in the
theoretical 07 (r)/dt profile lies outside the peak in the
observed temperature. Regions of large dewpoint depres-
sion, a telltale sign of subsidence, are found in the eye
and the moat.

Although the example shown in Figure 3 is typical
of many concentric eyewall configurations, there are
cases with much wider moats. For example, in the case
of typhoon Winnie (1997) the moat was approximately
130 km wide (Lander, 1999; Zhang et al., 2005). In cases
with such wide moats or with large vorticity in the moat,
the Rossby length in the moat can be smaller than the
moat width, in which case there will be large horizontal
variation of subsidence across the moat.

Why does the inner eyewall often disappear? Possible
mechanisms include:

(i) Each eyewall has a suppressing effect on the other
through the subsidence it induces in its surroundings,
but the outer eyewall somehow has a competitive
advantage in this regard;

Concentric eyewalls interact through the boundary
layer in such a way that the outer eyewall consumes
the inward radial flux of moist entropy and momen-
tum, effectively choking off convection and higher
vorticity in the inner eyewall;

(ii)
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(iii) Since the storm’s upper tropospheric warm core
weakens with radius, it more effectively limits inner
eyewall convection through increased static stability,
a process that leads to the decay of the inner eyewall
and the growth of the outer eyewall;

On a similar note, a developing concentric eyewall
will decrease the convective instability at radii
inside the outer eyewall due to increased subsidence
warming and drying.

@iv)

Although our idealized model does not contain enough
physics to critically evaluate all of these possible expla-
nations, it does provide useful information. For example,
we can readily address mechanism (i) in the following
way. Since the transverse circulation equation is linear,
the total solution shown in Figure 3(b) can be inter-
preted as the superposition of two solutions, i.e. W(r) =
Winner (7)) + {u\oﬁer({\). The Winner (7) field is obtained from
(15) with 1}], Yo, Y3, Y4 determined from (16) as before
but now with Q3 = O Slmllarly, Wouter () 1s obtained
from (15) with 1//1, wz 1//3 W determined from (16) as
before but now with Q; = 0. In other words, Wiper(r)
is the vertical motion field that would exist for the same
vortex structure if the diabatic heating associated with
the outer eyewall was not present, while Woye () is the
vertical motion field that would exist if the diabatic heat-
ing associated with the inner eyewall was not present.
Radial profiles of Wiper(r) and Wouer (1) are displayed
in Figure 3(b), which shows that subsidence in the eye
is almost entirely due to diabatic heating in the inner
eyewall, while subsidence near the centre of the moat
is due equally to diabatic heating in the inner and outer
eyewalls. From Figure 3(b) it is also apparent that each
eyewall has the effect of suppressing the other, but that
the effect is essentially mutual and quite small. Thus, the
first mechanism does not appear to be a good candidate
for explaining the disappearance of the inner eyewall.

In the following two sections, we address aspects
of hypotheses (iii) and (iv) by examining the impact
of the varying diabatic heating and inertial stability
associated with a developing concentric eyewall. First, we
demonstrate that, as diabatic heating shifts from an inner
eyewall to an outer eyewall, the tropical cyclone loses its
ability to maintain a strong, centralized warm core. Then,
considering a hypothetical eyewall replacement cycle,
we find that the downward mass flux within the moat
increases rapidly as an outer eyewall strengthens and
contracts. The increased inertial stability associated with
this process greatly increases the temperature tendency
within the core of the tropical cyclone.

5. The decrease of inner core temperature change
associated with the collapse of inner eyewall
convection

As an idealization of a collapsing inner eyewall during
an eyewall replacement cycle, we again consider the
tangential wind profile given in Figure 3(a), but now
consider the three diabatic heating profiles given in
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Figure 4(a). All three of these diabatic heating profiles
satisfy the total heating constraint (12). The dotted profile
(Q1/Q3 = 2) represents an early stage of inner eyewall
dominance, the dashed profile (Q/Q3 = 1) represents an
intermediate stage, and the solid profile (Q/Q3 = 0.5) is
near the final stage of inner eyewall collapse. Figure 4(b)
shows the temperature tendencies associated with these
three diabatic heating profiles. When the diabatic heating
rate in the inner eyewall is large, the local temperature
tendency is concentrated near r = 9 km. However, as the
diabatic heating shifts from the inner eyewall to the outer
eyewall, the tropical cyclone loses its ability to produce
an intense, highly localized warm region.

To further quantify this important effect, we now define
the ‘core’ as the region that includes the eye, the inner
eyewall, the moat, and the outer eyewall, i.e. as the region
0 <r < r4. Integrating (8) over the core, we obtain

/r4(af/at)rdr = /m(@/cp)rdr - (5) N2,
0 0 8
(18)

Similarly, integrating (8) over the entire domain, we
obtain

/oo(a?/at) rdr = /w(é/c,,)rdr
0 0

1
= 5125 K day~!(50 km)?, (19)
(o) 35 ;
E Q,/Q, = 05—
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Figure 4. (a) Idealized radial profiles of the diabatic heating during
the collapse of the inner eyewall. The dotted line (Q/Q3 = 2) is the
early stage, the dashed line (Q1/Q3 = 1) is an intermediate stage,
and the solid line (Q1/Q3 = 0.5) is the final stage of collapse. (b)
Corresponding radial profiles of 8?/ dt, computed from (8).
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where the last equality follows from (12). Equation (19)
states that the area-integrated temperature change equals
the area-integrated diabatic heating, which we have
assumed is fixed according to (12). As can be seen from
(18), although the total diabatic heating occurs entirely
within the core, the temperature change is partitioned
between the core and the far-field according to the value
of ry 4. Dividing (18) by (19) we obtain

(9T © (38T
e:/ — | rdr / — | rdr
0 ot 0 Jt

e~
_ (To/g)N“2ra4 .(20)

(1)) = D)+ (Q3/cp) (2 — )

an expression for the fraction of total diabatic heat-
ing used to increase the temperature of the core. Of
particular interest here is how € changes as the dia-
batic heating shifts from the inner eyewall to the
outer eyewall during an eyewall replacement cycle. For
0,/03 =2.0, 1.0, 0.5, the respective Vglues are € =
32.7%, 26.4%, 21.8%. Note that, as o7 /dt becomes
smaller in the core, it must become larger in the far-field
in order to satisfy (19). However, this change of 97 /ot
in the far-field is imperceptible in Figure 4(b) because of
the large area over which it is spread.

6. Changes in the transverse circulation during
contraction of an outer eyewall

Next, we are interested in determining the impact of a
contracting and intensifying outer eyewall on the vertical
motion and temperature change in the storm’s core. We
idealize this part of the eyewall cycle by setting r; =
8 km, r, = 15 km, v(r)) =36 m s, v(r;) =46 m s™',
and then letting r4 decrease from 85 km to 40 km while
keeping r4 —r; = 6 km, fixing Q; according to the
prototype concentric eyewalls in Section 4, and setting
Qs to satisfy constraint (12). Three selected v(r) profiles
are shown in Figure 5(a). The corresponding values of
r3, rq, v(r3), v(ra), Mgl, p,;l are given in Table L.
All three profiles have ,ugl = 5.5 km, Ml_l = 8.5 km
and ,u;l = 1000 km, but, as can be seen in Table I,
the Rossby length in the moat decreases from p, =
1000 km to ;' =27.2 km while the Rossby length
in the outer eyewall decreases from p3' = 1000 km to
My = 14.9 km. This idealized outer eyewall contraction
is in general agreement with the eyewall replacement
cycle described earlier for hurricane Frances.

The fields of w and T /9t are shown in Figures 5(b,c).
These results show that, as the outer eyewall moves
inward, the subsidence rates within the moat and eye
both increase by up to —0.25 m s~!. Because the Rossby
lengths in the moat and outer eyewall decrease substan-
tially during this transition (Table I), radial variations
of w(r) increase within these regions. While the frac-
tional change in upward motion in the primary eyewall
decreases slightly during the eyewall replacement cycle,
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Table I. Bounding radii of the outer eyewall, 3 and r4, zimuthal
winds v(r3) and v(r4), and Rossby lengths in the moat, u;l, and
the outer eyewall, 115 1, for the wind profiles shown in Figure 5.

Case 13 r4 v(r3) v(ry) ! ny'!

(km) (km) (ms™) (ms™) (km) (km)

A 79 85 7.0 6.3 1000 1000
B 56 62 21.5 30.7 72.8 36.5
C 34 40 36.0 55.0 272 149

the fractional changes of subsidence within the moat and
eye are significant. Within the core (i.e. 0 < r < ry), there
is an increase in 97 /dt associated with the enhanced
subsidence (Figure 5(c)). The change in 0T /9t is increas-
ingly enhanced throughout the core as the outer eyewall
moves inward and strengthens.

Another way to gauge the impact of a contracting outer
eyewall on subsidence is to calculate the percentage of

©) 4o
—I ......... A
£ —oo 8]
= C
° 40 N .
£ by
= > N
- LI N , SIS <
£ 20f il S T
5]
o Ly T
c o e
s v e
2
0 .
0 20 40 60 80 100
Radius (km)
(b) 2.0 — ; .
a 1
i K/
~ 15 _/ -
T
0 -
1
\E/ 1.0 1 ! T
- 1
£ .
Z ost vy .
<}
0 '
: B
> 00f ERPEREE RS Rt
H~“. /__
~osfN . . . -
0 20 40 60 80 100
Radius (km)
()
0
2x ]
5=~
v > E
a O
E G
23 )
2
L it "
0 20 40 60 80 100
Radius (km)

Figure 5. Radial profiles of (a) tangential wind (m s7h), (b) the

radially dependent part of the log-pressure vertical velocity w(r)

(ms~h computed from (15), and (c) the radially dependent part of

the temperature tendency 8?(r) /ot (K hh, computed from (8), for
cases A (dotted), B (dashed), and C (solid).
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the total downward mass flux occurring in the eye, the
moat, and the far-field. We define oeye, Omoat> and Ofar—ficld
as the fractions of the total downward mass flux that
occur respectively in the eye, moat, and far-field. From
the streamfunction solution (14) it can be shown that, on
any isobaric surface,

o rnyi
eye = —= — — —,
Y+ r3Ys — rain — raily
r3ys3 — rayn
Omoat =

riyn +r3Ws — raYn —
Ofar—field = 1 — Oeye — Omoat- (21
Using (21), 0eye, Omoat> and far—fiela can be obtained from
the solutions of the linear algebra problem (16). Note that
the downward mass flux partition does not depend on the
magnitude of heating in (11), but rather on the radial
structure of heating.

Figure 6 shows profiles of o0 and oeye for two dif-
ferent experiments. The control experiment (Exp. 1) is
described above as the basic, idealized eyewall replace-
ment cycle. Exp. 2 is identical to Exp. 1 except that the
tangential wind profile is not changed during the contrac-
tion of the outer eyewall, i.e. the tangential wind profile
is held fixed to that shown by Profile A in Figure 5(a).
A comparison of these two experiments (Figure 6) iso-
lates the effect of the changing inertial stability (present
in Exp. 1 but not in Exp. 2) during outer eyewall con-
traction. In Exp. 1 the fraction of downward mass flux
in the moat increases quickly from about 1% to 16%. In
addition, contraction of the outer eyewall also increases
the fraction of downward mass flux in the eye from
7% to 11%. In contrast, a slight decrease in the down-
ward mass flux in the moat and eye are experienced in
Exp. 2, even though the outer ring of diabatic heating
contracts inward toward the inner eyewall. Therefore, we
conclude that the increasing inertial stability associated

0.20 T T T T

— O
moat } Exp. 1
--- oeye

0.15F 4

0.05

0.00 1 1 1 1
40 50 60 70 80

ry (km)

Figure 6. Values of the fraction of downward mass flux in the moat,

Omoat (solid), and the fraction of downward mass flux in the eye, geye

(dotted), for the range of wind profiles shown in Figure 5. The abscissa

denotes the variable parameter r4. Black and grey curves denote results
from Exp. 1 and Exp. 2, respectively.
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Figure 7. Values of the fraction of total diabatic heating used to increase
the temperature of the core, as given in (20), for the range of wind
profiles shown in Figure 5, from Exp. 1 (black) and Exp. 2 (grey).

with a strengthening outer eyewall is an essential factor
controlling subsidence within the moat.

To complement the downward mass flux calculations,
Figure 7 presents the fraction of total diabatic heating
used to increase the temperature of the core, as given in
(20), for the range of wind profiles depicted in Figure 5.
Not surprisingly, very little change in € is seen for Exp.
2. However, including the increasing inertial stability
associated with the contraction of the outer eyewall
changes the core heating fraction dramatically from about
5% to 27%. In agreement with results presented by
Schubert and Hack (1982), the ability of the storm to
build its warm core increases dramatically with increasing
inertial stability associated with a strengthening outer
eyewall. In terms of efficiently building a warm core,
a contracting and intensifying outer eyewall counteracts
the deleterious impact of shifting heating from the inner
to outer eyewall. Furthermore, these results suggest that
the development of deep, convective clouds in the moat,
and most likely within the inner eyewall, will become
increasingly challenged by increasing static stability as
temperature tendencies increase with increasing inertial
stability.

Houze et al. (2007) presented dropsonde data in the
eye and moat of hurricane Rita (2005). Their soundings
reveal how the moat gradually takes on the characteristics
of the eye. Dropsonde data in Frances reveal a similar
evolution. For example, Figure 8 shows dropsonde data
taken on the leg A — B (Figure 2(a)) at a radius 24 km
west of the centre. Although this sounding is in the moat,
it has the basic characteristics of an eye sounding, i.e.
saturation in a stratocumulus layer below 900 hPa, with
increased stability and drying above 900 hPa. Our 5-
region model suggests that the downward mass flux and
the associated warming in the moat increases dramatically
as a concentric eyewall begins to form and contract.
Therefore, in an axisymmetric, balanced tropical cyclone
vortex with concentric eyewalls, eye-like conditions in
the moat are not surprising.
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Figure 8. A skewT —log p diagram of dropsonde data at r = 24 km

in hurricane Frances at 1810 UTC on 30 August 2004. Temperature

(°C) and dewpoint (°C) are given by the black and grey curves. Data
obtained courtesy of NOAA/HRD.

7. Conclusions

In summary, we have investigated the analytical solutions
of a transverse circulation equation derived from a bal-
anced vortex model to explore motions associated with a
barotropic tropical cyclone vortex. This idealized vortex
was parametrized with two concentric rings of diabatic
heating and five regions of potentially distinct inertial sta-
bility values that approximate realistic tropical cyclone
tangential wind profiles. Flight-level wind data from hur-
ricane Frances (2004) were used to parametrize our five-
region model. The resulting radial distribution of diag-
nosed vertical motion shows enhanced subsidence within
the eye and the moat. The corresponding radial structure
of temperature tendencies resembles the warm core radial
profile of observed, flight-level temperatures. Thus, the
eye-like conditions observed within the mature moat of
Frances are consistent with the quasi-balanced dynamics.

We have argued against the hypothesis that the inner
eyewall tends to collapse because of the suppressive
effect of the subsidence induced by the outer eyewall.
Because our simple model does not contain a frictional
planetary boundary layer, we cannot adequately address
the impact of concentric eyewalls on low-level inflow
and its associated radial moist entropy flux. However,
the transverse circulation equation quantitatively confirms
previous claims that a contracting and intensifying outer
eyewall increases subsidence within the moat and eye.
Moat subsidence contains comparable contributions from
both eyewalls and most of this subsidence results from
enhanced inertial stability associated with a strengthen-
ing outer eyewall. During an eyewall replacement cycle,
warming of the core increases in response to enhanced
core subsidence. Assuming that surface temperatures are
approximately constant, rapidly increasing static stabil-
ity within the core can be expected during the progres-
sion of an eyewall replacement cycle, which is expected
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to challenge any deep convective clouds at any radius
inside the outer eyewall. While a contracting and inten-
sifying outer eyewall increases the warming rates within
the storm’s core, we expect a counteracting feedback to
occur as diabatic heating shifts from an inner eyewall to
an outer eyewall. Thus, the balanced dynamics offer a
partial explanation of how an eyewall replacement cycle
can serve as a temporary brake on tropical cyclone inten-
sification.

It is natural to ponder whether the balanced vortex
model provides any insights into the challenging forecast
problem of concentric eyewall formation. First, this
model is very restricted by its neglect of asymmetries,
which are hypothesized to play a critical role in secondary
eyewall formation (e.g. Montgomery and Kallenbach,
1997; Kuo et al., 2004, 2008; Terwey and Montgomery,
2008). Nonetheless, this model suggests that once a
secondary eyewall forms and begins to intensify, eye-
like conditions rapidly develop within the moat. This
implies that the role of rapid filamentation (e.g. Rozoff
et al., 2006) becomes less relevant in explaining the
absence of convection within the moat. However, rapid
filamentation would enhance the deleterious impact of
subsidence warming on convection within the moat and
their joint impacts would aid in the development of well-
defined concentric eyewalls.

One of the remaining hypotheses for the decay of the
inner eyewall is that the upper-level warm core has a
larger stabilization effect on the convection in the inner
eyewall than it does on the convection in the outer eye-
wall. If this argument is correct, how does the outer
eyewall later contract inward? Could the upper-level
warm core relax, allowing convection to move inward?
Our ability to answer these questions is hindered by a
lack of upper-tropospheric data during concentric eye-
wall cycles. However, with the availability of the NOAA
G-IV and the NASA ER-2 jet aircraft, both with drop-
sonde capability, a well-executed field programme might
make important progress on this remaining problem in
tropical cyclone dynamics. Finally, further analysis of
three-dimensional, full-physics numerical simulations of
intense tropical cyclones should further elucidate many
physical mechanisms involved in eyewall replacement
cycles and the decay of the primary eyewall. Nonetheless,
our simplified approach helps delineate crucial physics in
basic concentric eyewall situations.
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